A new approach to obtain the closure formulas for the von Kármán-Howarth and Corrsin equations is presented, which is based on the Lagrangian representation of the fluid motion, and on the Liouville theorem associated to the kinematics of a pair of fluid particles. This kinematics is characterized by the finite-scale separation vector which is assumed to be statistically independent from the velocity field. Such assumption is justified by the hypothesis of fully developed turbulence and by the property that this vector varies much more rapidly than the velocity field. This formulation leads to the closure formulas of von Kármán-Howarth and Corrsin equations in terms of longitudinal velocity and temperature correlations following a demonstration completely different with respect to the previous works. Some of the properties and the limitations of the closed equations are discussed. In particular, we show that the times of evolution of the developed kinetic energy and temperature spectra are finite quantities which depend on the initial conditions.
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Introduction
Recently, a work dealing with the bifurcations analysis of the turbulent energy cascade [11] presents, among the other things, the relationship between Navier-Stokes equations bifurcations and turbulent energy cascade, showing that these bifurcations produce a negative value of the skewness of the longitudinal velocity difference, and a separation rate between contiguous trajectories which exponentially diverges with the time.
The present work proposes a specific analysis of the isotropic homogeneous turbulence of incompressible fluids based on Ref. [11] , and on the property that the contiguous fluid particles trajectories continuously diverge due to the Navier-Stokes bifurcations. The proposed formulation adopts the Lagrangian representation of the fluid motion and the Liouville theorem.
According to the present study, the bifurcations determine the energy cascade, where the separation vector ξ between two fluid particles trajectories varies much more rapidly than the velocity and temperature [11] . Such property, in conjunction with the hypothesis of fully developed turbulence, justifies the assumption that ξ and the velocity field are statistically independent. This is the crucial hypothesis of the present analysis that allows, through the Liouville theorem, to analytically express the closure formulas of the von Kármán-Howarth and Corrsin equations in terms of longitudinal velocity and temperature correlations. The proposed analysis also quantifies the mean effect of the trajectories separation through the average finitescale Lyapunov exponent, a quantity depending on r which gives the rate of separation of the trajectories with finite distance. This exponent is here calculated in function of the maximum finite-scale Lyapunov exponent through the distribution function of ξ and the Liouville theorem.
For sake of the reader convenience, we report the main keypoints of the article: The first part of the work, devoted to the Lagrangian description of the fluid motion, provides the representation of velocity and temperature fields, and of the kinematics of a pair of fluid particles. The Liouville theorem is then introduced, and the statistical independence of ξ from velocity and temperature fields is properly justified. In the second part, a relationship between average and maximal Lyapunov exponents of finite-scale, useful for the subsequent analysis, is determined, and the average Lyapunov exponent is expressed in terms of longitudinal velocity correlation. Thereafter, the closure equations are obtained through the analytical elements introduced in the previous two parts.
The obtained results agree with those presented in Refs. [12, 13] , where the closure formulas are carried out using a fully different formulation and exploiting some of the properties of motion of the finite-scale Lyapunov basis, and the frame invariance of the triple correlations appearing in the von Kármán-Howarth and Corrsin equations. This corroborates the results obtained in Refs. [12, 13] , showing the equivalence between the present approach and the analysis of Refs. [12, 13] .
Finally, some of the properties of the closed von Kármán-Howarth and Corrsin equations are studied and their limits of validity are discussed. Specifically, we show that the times of developing of velocity and temperature correlations are both finite quantities which depend on the initial conditions.
Background: longitudinal velocity and temperature correlations
In fully developed homogeneous isotropic turbulence, the turbulent fluctuations of velocity and temperature are represented by the following pair correlation functions [20, 9] 
where the brackets denote the average calculated over the ensemble of velocity and temperature in the points x and x + r, u r = u(x) · r/r and u ′ r = u(x + r) · r/r are the longitudinal components of fluid velocities, ϑ and ϑ ′ are the fluid temperatures in x and x + r, and
represent the standard deviations of velocity and temperature, both constants in space due to homogeneity [20, 9] . Such correlations vary according to the von Kármán-Howarth and Corrsin equations [20, 3, 9, 10] which are the evolution equations for f and f θ , respectively. These equations, obtained through the momentum Navier-Stokes and the thermal energy equations, are [20, 9] ∂f ∂t = K(r) u 2 + 2ν
where ν and χ = k/(ρC p ) are kinematic viscosity and thermal diffusivity, C p and k are specific heat at constant pressure and thermal conductivity, respectively. The quantities λ T ≡ −1/f ′′ (0) and λ θ ≡ −2/f ′′ θ (0) are the Taylor and Corrsin microscales. The boundary conditions associated to Eqs.
(2) and (3) are
In Eqs. (2) and (3), K and G arise from the inertia forces and from the convective terms of the Navier-Stokes and thermal energy equations [20, 9] , and can be expressed as
Accordingly, K and G do not modify neither the kinetic energy nor the thermal energy, and provide the energy cascade mechanism the effect of which vanishes for r = 0 and for r → ∞, i.e.
In this study, we analyze the case where ν does not depend on ϑ, therefore Eq. (2) is independent from Eq. (3) and f θ . Conversely, the temperature fluctuations will depend on u.
Lagrangian representation of fluid motion, Liouville theorem
Following the present analysis, the turbulence is caused by the bifurcations of the Navier-Stokes equations, whereas the temperature plays the role of the passive scalar. This study applies also to any passive scalar which exhibits diffusivity. These bifurcations frequentely occur in developed turbulence determining a condition of fully developed chaos where velocity and temperature exhibit chaotic fluctuations, and the contiguous fluid particles trajectories diverge continuously with exponential growth rate [11] . This implies that the fluid deformations are represented by exponential growth functions of the time, whereas the fluid state variables, like velocity and temperature, are slow growth functions of t.
Representation of velocity and temperature fields
To represent velocity and temperature fluctuations, we start from Ref.
[11], where the Navier-Stokes equations are written in the symbolic form of operators. Here, the Navier-Stokes equations are expressed following the Lagrangian description of motion [32] , and to analyze the temperature fluctuations, the thermal energy equation is also given in the same forṁ
The first equation is the Navier-Stokes equations in the symbolic form of operators [33] , where the pressure field p has been eliminated through the continuity equation, u andu denote, respectively, velocity and acceleration fields [32] ,
is the integral non-linear operator which expresses the pressure gradient through the velocity field in the entire fluid domain. That is, the pressure gives the non-local effect of the velocity field [33] , and the NavierStokes equations are reduced to be an integro-differential equation formally expressed by Eq. (7) in the symbolic form of operators.
The other equation describes the fluid temperature variations and is also in the symbolic form of operators. The temperature field ϑ is denoted in bold type as it is an element of the vector space of the temperature fields {ϑ} which is an infinite dimensional manifold, thus ϑ and ϑ ′ are the values of ϑ calculated in x and x+r, respectively, andθ is the material time derivative of temperature [32] . Now, the bifurcations are responsible for the fluctuations of u and ϑ whose statistics is formally described by the distribution F =F {u, ϑ}, a functional of u and ϑ which satisfies the Liouville theorem associated to Eqs. (7)
where the operators ∇ u · (•) and ∇ ϑ · (•) denote the divergence in the vector spaces of velocity and temperature fields. This theorem is derived from Eq.
(7) and from the condition that the integral of F over V identically equals the unity
where V = {u} × {ϑ} is the phase space associated to Eq. (7), in which {u} and {ϑ} are the vector spaces of velocity and temperature fields, and dV = du dϑ represents the elemental volume in the phase space V.
Representation of fluid kinematics. Kinematics of a pair of fluid particles
To complete the Lagrangian description of fluid motion, the kinematics equations are added to Eqs. (7). To our purposes, we consider the trajectories of fluid particles passing through x and x + r at t =0, whose evolution equations areẋ = u(x, t),
with the initial conditions
where ξ is the separation vector and ξ(0) = r is its initial value. This separation vector is a function of t of exponential growth [11] which depends on the scale r = |r| and on the initial condition ξ(0), whereas u varies according to Eq. (7). Following Eq. (10), the map χ :
provides the current separation distance ξ between two fluid particles which are located at the referential positions x and x + r at t = 0 [32] . It is worth to remark that x and x + r are fixed points of the inertial frame, whereas x and x + ξ represent the positions of the fluid particles which vary with the time and that satisfy the initial conditions (11) .
To analyze the average effect of the trajectories separation, the statistics of ξ is now introduced. This statistics is described by the distribution function of ξ which does not depend on x due to turbulence homogeneity
where
in which Ξ = {x} × {ξ}, and dΞ = dx dξ represents the relative elemental volume. As the problem (10) is studied in an infinite fluid domain, P identically vanishes on the boundaries of Ξ, i.e.
Next, this PDF satisfies the Liouville theorem associated to Eqs. (10) and
where the differential operators ∂/∂ξ · (•) and ∂/∂x · (•) indicate the divergence of (•) with respect to ξ and x, respectively. Taking into account the hypothesis of homogeneity and the continuity equation, the Liouville equation reads as
As the initial condition of ξ and x is given by Eq. (11), the initial condition of the distribution function P = P (t, ξ) is
where δ(., .) is the Dirac's delta.
Therefore, the average of any quantity depending on x and ξ, say ψ = ψ(x, ξ), will be calculated as integral of P over {Ξ}, according to
Statistical independence of ξ from u and ϑ
At this stage of the analysis, it is worth to remark that ξ, directly responsible for the relative trajectories mixing [28] , behaves like a function of fast growth of t, therefore it varies much more rapidly than u and ϑ [11] .
Accordingly, in fully developed turbulence, the time-scales of ξ are expected to be completely separated from those associated to u and ϑ in the sense that ξ and (u, ϑ) exhibit chaotic behavior and their power spectra are supposed to be located in frequency intervals which are completely separated. For this reason, ξ and (u, ϑ) are considered to be statistically uncorrelated. From the physical point of view, this means that the effect of the trajectories mixing is much more rapid and statistically uncorrelated with respect to the dynamics of the fluid system. This property is supported by the arguments presented in Ref. [28] (and references therein), where the author observes the that: a)
The fields u(x, t), (and therefore also u(x + ξ, t) − u(x, t)) produce chaotic trajectories also for relatively simple mathematical structure of the righthand sides u(x, t) (also for steady fields!). b) The flows given by u(x, t) (and therefore also u(x + ξ, t) − u(x, t)) stretch and fold continuously and rapidly causing an effective mixing of the particles trajectories. Hence, it is reasonable to postulate that ξ and (u, ϑ) are statistically uncorrelated, and that all the quantities depending on ξ are fast variables whose average is calculated through Eq. (18) . This is the fundamental hypothesis of the present work following which the distribution function of ξ, u and ϑ is the product of P and F :
The time derivative of F is then
The first term at the R.H.S. of Eq. (20) is due to the time variations of u and ϑ following Eqs. (7), thus such term gives the time variations of kinetic and thermal energies. As far as the second term is concerned, it is related only to the fluid kinematics in line with Eq. (16), thus it does not contribute to kinetic and thermal energies variations.
We conclude this section by observing the limits of validity of Eq. (19) .
As these limits arise from the hypothesis of fully developed turbulence, in the cases of intermediate stages of turbulence or in decaying turbulence, the statistical independence of ξ and u could be not verified.
Average finite-scale Lyapunov exponent in terms of the maximal finite-scale Lyapunov exponent
The purpose of this section is to present the link between average and maximum Lyapunov exponents of finite-scales that will be useful later on in this analysis.
The average effect of the trajectories divergence is quantified by the average finite-scale Lyapunov exponent, a quantity which expresses the separation rate between two trajectories with finite distance. To define this exponent, observe that the following quantity
gives the local growth rate of |ξ|. Following its definition, the maximal finitescale Lyapunov exponent gives the maximum growth rate of the trajectories distance. In the present framework, this exponent can be written as
The overline • denotes the average calculated according to Eq. (18), where λ = λ(r) thanks to the turbulence isotropy. This exponent is associated to a given spatial direction l 1 , variable with the time, which corresponds to the maximum growth rate of trajectories distance. On the other hand, the trajectories separation happens with a mean growth rate. This latter is defined through the average finite-scale Lyapunov exponent, a quantity calculated as the mean of λ
If the ergodic hypothesis is satisfied, this average exponent is calculated in terms of the distribution P as
With reference to Fig. 1 , the continuous line represents the time variations of 1/2ln(ξ · ξ) and its local slope gives λ ′ (dash-dotted line), whereas λ and λ ′ are represented by dashed and dotted lines, respectively.
The two exponents are related with each other, and to express λ ′ in function of λ, we write λ ′ in terms of ∂P/∂t
where the first term at the R.H.S. of Eq. (25) identifies λ, whereas the second one is expressed by means of the Liouville theorem
Integrating by parts the last term at the R.H.S. of Eq. (26), and using the Green's second identity, we obtain the sum of two terms. The first one of these identically vanishes as it is an integral of P over ∂ {ξ} where P ≡ 0, whereas the other one is different from zero. This leads to
Hence, taking into account Eq. (24), we have
Due to homogeneity, the separation rate does not depend on x, and thanks to the isotropy λ ′ and λ are both even functions of r [3, 30] .
Finally, it is worth remarking a property of the function χ : ξ(0) → ξ:
Average Lyapunov exponent in terms of velocity correlation
In order to express λ ′ in terms of f , observe that along the direction l 1 ,
where Q(t) is a proper rotation matrix which gives the orientation of ξ with respect to the inertial reference frame. Hence, the relative velocityξ iṡ
where ω λ is the angular velocity of ξ and l 1 with respect to the inertial reference. Now, because of the isotropy, the standard deviation of ∆u r does not depend on r/r, and this implies that
Hence, f and λ ′ are linked with each other according to
Equation (33) is defined only for f < 1 and this agrees with Schwarz inequality [3] , and in particular, for ∂f /∂r <0 near the origin.
In conclusion, in fully developed homogeneous isotropic turbulence, the fluid particles trajectories continuously diverge with an average separation rateṘ which depends on r followinġ
Closure equations
Here, the closure formulas of Eqs. (2) and (3) are determined by means of the elements introduced in the previous sections.
To obtain these formulas, observe that K and G are responsible only for the energy cascade. This latter is the kinetic and thermal energy flow between the length scales, without changing the total amount of kinetic and thermal energy (see for instance [3, 9] and references therein). In fact, inertia and pressure forces and the convective term produce an interaction between the various Fourier components of velocity and temperature spectra which gives the kinetic and thermal energy transfer between the volume elements in the wave-number space, where the global effect of such interaction leaves u 2 and θ 2 unaltered [3, 9] . Now, to determine K and G, we first calculate the pair correlations f and f θ through the PDF F , taking into account the initial condition of P given by Eq. (17). Accordingly, longitudinal velocity and temperature correlations can be expressed through F
or in terms of F as
in which u ξ = u · ξ/ξ. The correlations (35) and (36) are linked with each other because the fluctuation χ :
varying much more rapidly than f and f θ , leaves unaltered the correlations in the transformed points, therefore, taking into account Eq. (29), we have
, and
Hence, the time derivatives of the correlation functions are calculated by means of ∂F /∂t, using Eq. (20)
As previously seen, the terms with ∂F/∂t correspond to the time variations of kinetic and thermal energies and to the changing of the correlations caused by viscosity and thermal conductivity, whereas those with ∂P/∂t, arising from the fluctuations of ξ, do not modify neither u 2 nor θ 2 . This identifies
where ∂P/∂t is expressed through the Liouville theorem (16)
Next, integrating by parts the R.H.S. of Eq. (40), and using the Green's second identity, we obtain that both K and G are the sum of two terms. The first ones identically vanish as these are integrals of P over ∂ {ξ} in which P ≡ 0, whereas the other ones are different from zero. This leads to
Taking into account the turbulence isotropy, and Eq. (37), we obtain
It is worth remarking thatξ, depending on x and ξ, is considered to be a fast variable, thus its contribution is calculated with the statistics of P . This leads to express K and G in terms of ∂f /∂r and ∂f θ /∂r
Hence, in view of Eqs. (24) and (33), we obtain the following expressions
Following Eqs. (44), the phenomenon of kinetic and thermal energy cascade is due to the combined action of the spatial variations of f , f θ and of the trajectories separation. Therefore, K and G result to be non-monotonic even functions of r which vanish for r = 0 and tend to zero as r → ∞. In particular, K gives also the values of the skewness of ∂u r /∂r [12] which is constant and is equal to −3/7. Table 1 Equations (44) coincide with those obtained in Refs. [12, 13] through the properties of the motion of the finite-scale Lyapunov basis and of the frame invariance of K and G. This shows that the hypotheses adopted in Refs. [12, 13] agree with the assumptions of the present analysis.
The main asset of Eqs. (44) with respect to the other models is that Eqs. Refs. [12, 13] show that such formulas describe adequately the energy cascade mechanisms. Specifically, K reproduces the phenomenon of kinetic energy cascade in line with the Kolmogorov law, and G describes the thermal energy cascade according to the theoretical argumentation presented in the Refs. [4, 5, 26] , to experimental results [21, 24] , and to numerical data [7, 16] .
K and G arise from inertia forces and convective term, thus these do not depend on ν and χ. Specifically, K and G are only indirectly related to ν and χ through f and f θ whose time evolutions depend on diffusivities by means of Eqs. (2) and (3). Remarks. Observe that, thanks to the Navier-Stokes bifurcations, the proposed closure formulas modify significantly the mathematical structure of Eqs. (2) and (3).
In Refs. [18, 19] 
Main properties of the closed equations solutions
This section analyzes some of the properties of the closed Corrsin and von
Kármán-Howarth equations, with particular reference to the evolution times of the developed kinetic energy and temperature spectra. In particular, we will show that these spectra reach their developed shape in finite times which depend on the the initial condition and on the classical maximal Lyapunov exponent Λ.
The exponent Λ is linked to λ through
and can be calculated with Eq. (33) considering that, near the origin f and
Hence
Now, with reference to von Kármán-Howarth and Corrsin equations, u and θ decrease with t according to [20, 9] 
whereas the correlation scales change following these equations
where Eqs. (48) and (49) cascade, it tends to reduce the correlations scales, and if this is sufficiently stronger than viscosity and thermal diffusivity effects, then dλ T /dt < 0 and dλ θ /dt < 0. On the contrary, the diffusivities tend to increase the correlation scales, thus f IV (0) and f IV θ (0) are expected to be positive quantities. For sake of our convenience, the condition ν=0, χ=0 is first analyzed. In this case, u and θ are both constants, whereas λ T , λ θ and Λ vary with t.
From Eqs. (49) and (47), λ T and λ θ are proportional with each other, and vary linearly with the time according to
where τ is the dimensionless time. Therefore, for ν=0, χ=0, the energy cascade described by Eqs. (44) (dashed lines) where, in general, τ 1 = τ 2 . In this last situation, the mechanism of energy cascade is balanced by viscosity and thermal diffusivity, and the turbulent spectra can be considered to be fully developed. In any case, this happens in finite times τ <2 for the two spectra. The Lyapunov exponent initially coincides about with that calculated for ν =0, then reaches its maximum for τ 1 < 2 and thereafter diminishes due to the viscosity effects.
When Λ reaches its maximum, dΛ/dτ =0, it is reasonable that chaos and mixing achieve their maximum level, and the spectra are there considered to be fully developed.
Thereafter, we observe the region where dΛ/dτ <0. There, due to the smaller values of λ T and λ θ , the dissipation is stronger than the energy cascade, and λ T and λ θ tend to rise according to Eq. (49). This region, which occurs immediately after the fully developed condition (dΛ/dτ =0), corresponds to the decaying turbulence regime.
It is worth to remark that the proposed closure equations (44) 
Hence, the correlations are considered to be fully developed when τ * = τ 1 = τ 2 . There, f IV (0, t * ) is linked to λ T (t * ) through Eq. (49) with dλ T /dt=0 [14] f IV (0, t * ) = 3 7
We conclude this section by observing that the times of developing of f and f θ are finite quantities which depend on the initial conditions.
Conclusions
In order to obtain the closure formulas for von Kármán-Howarth and
Corrsin equations, this analysis represents the fluid motion in the Lagrangian form. As the separation vector varies much more rapidly than the velocity field, ξ and (u, ϑ) are assumed to be statistically independent. This conjecture and the adoption of the Liouville theorem lead to the closure of von Kármán-Howarth and Corrsin equations. The equations here obtained coincide with those of the previous study [12, 13] , showing that the approach of
Refs. [12, 13] , dealing with the frame invariance of K and G and the properties of the finite-scale Lyapunov basis, is in agreement with the present analysis. This corroborates the previous works, providing a demonstration of the closure formulas completely different with respect to the previous articles.
Thereafter, some of the properties of these equations are studied. In particular, we show that the condition of developed spectra (correlations) in isotropic homogeneous turbulence is reached in finite times whose values depend on the initial conditions.
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